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Hybrid Multilevel/Multigrid Potential Preconditioner
for Fast Finite Element Modeling

Yu Zhu, Student Member, IEEEBNnd Andreas C. CangellasiBellow, IEEE

Abstract—A robust hybrid multilevel/multigrid potential  direct solution to the FEM matrix obtained from the approxi-
preconditioner is introduced for the fast and robust finite-element  mation of the problem on thé&/®(curl) space. This limits its
modeling of electromagnetic structures. The proposed precon- capability to solve electrically large structures.

ditioning process combines the advantages of the hierarchical T th hort . f f I
multilevel preconditioner and the nested multigrid potential ) 0 overcom_e ESe SHor comm_gs Ot poor accurgcy or mu_ -
preconditioner into a novel preconditioner with superior compu- ~ grid preconditioner and factorization of large matrix for multi-
tational versatility. Numerical experiments from the application level preconditioner, we propose a hybrid preconditioner, which
of the new preconditioner to the finite-element analysis of mi- yses hierarchical multilevel technique on the top of nested multi-
crowave devices demonstrate its superior numerical convergence griq one so that it increases the the accuracy of multigrid FEM
and efficient memory usage. . .

on one hand and decreases the factorization cost of multilevel

Index Terms—Finite-element method, hierarchical multilevel, EFgpm by further shrinking the size of matrix for LU on the other
hybrid preconditioner, nested multigrid, vector and scalar poten- hand

tial formulation.

II. HYBRID MULTILEVEL/MULTIGRID POTENTIAL
. INTRODUCTION PRECONDITIONER

HE reasons for the slow convergence of the iterative solu-Consider the solution of the following vector wave equation
tion of the finite-element approximation of the electrodyof a three-dimensional electromagnetic device:
namic problem are by now well understood. They are associated . .
with the dc modes contained in the null space of the curl oper- VXV xE-weuk =0. (1)
ator and with the ill-conditioning of the finite-element metho
(FEM) matrix resulting from the oversampling of some of th
low-frequency physical modes [1]. As it was proposed in [2
the spurious QC modes can be suppressed thr.oggh the _ir)troduc- Mppze = f& @)
tion of a spurious electric charge and the explicit imposition of
the divergence-free conditioRy;] - D = 0, for the electromag- wherez g contains the expansion coefficients fbrand fEis
netic field. On the other hand, the difficulties associated witlhom the excitation on the driven port. As elaborated in [1] and
low-frequency physical modes can be addressed effectively @Y, the field formulation has the deficiency of slow convergence
solving problems tentatively on coarser grids as in [3] and [4}hen an iterative solver applies. One of the primary reasons for
or, equivalently, in lower order basis function spaces as in [@his is the presence of spurious dc modes in the null space of
More specifically, those modes that are oversampled on the orlige curl operator. These spurious dc modes can be eliminated
inal FEM grid can be solved without loss of accuracy using FEF suppressed by using the vector-scalar potential formulation
approximations with much fewer degrees of freedom. to impose explicitly the divergence-free constraint on the field.
The nested multigrid potential preconditioner uses a set leéllowing [2], E = A+ VV, we obtain the matrix equation
nested grids obtained by dividing each tetrahedron in the coarkerpotential formulation from (1) and divergence-free condition
grid into eight equal-volume subtetrahedra. Its application 6D = 0
electromagnetic probl_ems appeared in [3_] and [5]. prever, the Max My ea\ [ fa
edge elements used in the nested multigrid technique are the Mys My =% ©))
lowest order basis functions [7]. Since they are not as effective
in reducing the numerical dispersion error as higher order bagikerex 4 andzy- contain, respectively, the expansion coeffi-
functions, the hierarchical multilevel potential preconditionesients forA and V. The field and potential formulations are
was proposed in [6] as an alternative. This latter technique usepiivalent. This equivalence allows the transformation from the
one grid and a sets of hierarchical basis functions,#&(curl) matrix equation of field formulation (2) to the one of potential
and H! (curl), for enhanced accuracy. However, it requires thfermulation (3), as discussed in [2] and [6]. During the itera-
tive solution of (2), in order to render the search vectors diver-
Manuscript received December 5, 2001; revised May 21, 2002. The revidgnce-free, the pseudoresidual equatiéprzr = 7 has to
of this letter was arranged by Associate Editor Dr. Ruediger Vahidieck. ~ be solved approximately using potential formulation by the fol-
The authors are with the Department of Electrical and ComputerEngineer?q@Wing procedures. First, the matrix (2) of field formulation is
University of lllinois at Urbana-Champaign, Urbana, IL 61801 USA (e-mail; . . .
cangella@uiuc.ed). transformed to the one of the potential formulation (3). Next, in
Publisher Item Identifier 10.1109/LMWC.2002.801943. the potential formulation, the matrix (3) is solved in two steps.

he following FEM matrix equation is obtained by a Galerkin’s
Procedure [6]:

ry
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Fig. 1. Flowchart of the proposed hybrid preconditioner. 200 30 400 800 600 700 800 900 1000 1100 1200
ength (mil)

Step 1 involves the solution afs in M.y 424 = 7.4 — Mayzy; Fig. 2. Number of iterations and CPU time versus the length of the microstrip

step 2 imposes explicitly the divergence-free field constraint {iS:
order to eliminate/suppress the spurious dc modes by solving
zy in Myyzy = ry — My.s24. Both are approximate solu-  7'=! and I} | denote the interlevel operators that map the
tions and implemented through the Gauss—Seidel method. fesidual and the correction between two adjacent levels. Since
nally, after the solution in the potential formulation is obtainedhe hierarchical basis functions are used, the construction of the
it is transformed back to solution of the field formulation as digwo operators is trivial]]%h and[ébh are the intergrid operators.
cussed in [2] and [6]. They are the transformation matrix of the two sets of the basis
Only to render the search vectors divergence-free is rfahction spaces between two adjacent nested grids and its trans-
enough for fast convergence of the iterative solution, sincegbse, respectively [4].
cannot handle the low-frequency physical modes effectively
[1]. It has to be combined with multigrid/multilevel techniques.
The pseudocode, MGg, g, ¢, j) and flowchart of the pro-
posed hybrid potential preconditioner are in the following, The proposed hybrid preconditioner can be combined with a
where: and j is level number for multilevel and multigrid Krylov subspace-based iterative solver. The stopping criterion

[ll. NUMERICAL RESULTS

processes, respectively:

1. ZE <—0,

2. if ¢==0, /l Nested Multigrid

2a. if j==0,

then solve MgEzE =rg [/l coarsest grid
2b. else

2b.1 smooth( =zg,rg) for vy times.

2b.2 7’%@ «— IIQLh (7’Fj — ME‘EZFJ) and zrp— 0
2b.3 MG (z%f‘,r%"‘,(),j — 1)
2b.4 zp — zgp + Ié‘hz%h

2b.5 smooth( =zg, rg) for

3. else // Hierarchical Multilevel

3a. Smooth( zg, rg) for vy times.
3b. 7t — I (rp — Mzp) and 27! —0
3c. MG (25t rigt i —1,4)

3d. zp — zp+ Il 25t
3e. Smooth( zg, rg) for

vy times.

vy times.

used is||r||z/||bll2 = tol, wheretol = 1.0¢—6.0 andb is the
right-hand side vector of the matrix equation assuming that the
initial guess vector is zero. The number of presmoothing and
post-smoothing operations is taken todle = v2 = 3. The
calculations are done on a Pentium 11l 600 MHz PC.

Fig. 2 depicts the number of iterations and the required
CPU time versus the length of an unbounded microstrip line.
The operating frequency is 20 GHz. The length of the line is
increased from 200 mils to 1200 mils-(10.0%). This results
in an increase in the number of unknowns from 24936 to
160962. The average spatial resolution in the coarsest grid is
~ 3.5 pty A

The hybrid preconditioner uses a two-level hierarchical and a
two-grid nested process. The hierarchical multilevel precondi-
tioner uses two sets of basis functiofs, (curl) and H°(curl).
Contrast to the hybrid one, the direct solution for the hierar-
chical preconditioner is called once after the pseudoresidual
equation is mapped td{°(curl); while for the hybrid pre-
conditioner, the equation is further shrunk to the coarser grid.

From the pseudocode and flowchart in Fig. 1, it is obvious thherefore, the hierarchical preconditioner corresponds to the
nested multigrid preconditioning solution is placed in the solipper block in the flowchart of Fig. 1. The third preconditioner
tion of the H°(curl) matrix equation of the hierarchical mul-is the nested multigrid technique which is to solve the problem
tilevel preconditioner so that the matrix for the factorization ignly usingH°(curl) the preconditioner uses two sets of nested
further shrunk. The smoothing operations in both the nested andltigrids. It corresponds to the lower block in the flowchart
the hierarchical preconditioning processes are performed on theFig. 1.
matrix equation of the potential formation as of discussed be-From the comparison of the three preconditioners in Fig. 2,

fore.

it is clear that both the number of iterations and the CPU time
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Fig. 3. Scattering parameters of the bandstop filter. Waveguide dimensions:

22.86x 10.16 mn3. Length between resonators 19.63 mm. HEIght of the F|g 4. Number of iterations at various frequenciesl
outer resonators 16.54 mm; of the inner resonater 16.94 mm. Iris thickness

= 0.0 mm. Outer iris width= 12.22 mm. Inner iris widtlh= 11.63 mm. Height

of all irises= 3.05 mm. V. CONCLUDING REMARKS

An efficient hybrid multilevel/multigrid potential precondi-
increase with the line length, due to the numerical dispersiganer has been introduced and demonstrated for the robust and
error which is known to increase with electrical length. The hexpedient finite—element analysis of electromagnetic devices.
erarchical multilevel one exhibits the best convergence perfdarough the combination of hierarchical multilevel and nested
mance. Obviously, it performs better than the hybrid one, b@wltigrid techniques, the size of the matrix that requires LU
cause it solves th&®(curl) matrix directly rather than solving factorlzan(_)n is dramatically reducgd, W_hlle the accuracy of the
it approximately by mapping it down to a coarser grid as doridEM solution is guaranteed by using high-order spaces for the

by the hybrid preconditioner. However, by doing so it factorizeg<Pansion of the fields. Combined witip-adaptive mesh re-
a larger matrix. For example, for the 1200-mil microstrip lindinement, the proposed hybrid preconditioner will enable robust,

there are 160962 and 30209 unknowns on idcurl) and fast, and accurate finite—element modeling of electrically large
HO(curl) level, respectively. For the hierarchical multilevel pre_electromagnenc structures with high geometric complexity.
conditioner, it factorizes th&°(curl) matrix of the size 30 209;
while for the hybrid preconditioner, it further maps tH8(curl)

matrix down to the one on the coarser grid, so that the size of malt! R- Dyczi-Edlinger and O. Biro, “A joint vector and scalar potential
. N . ' . formulation for driven high frequency problems using hybrid edge and
trix for factorization is shrunk by about one eighth, e.g., 3930.  nodal finite elements,IEEE Trans. Microwave Theory Techvol. 44,

Because of the further mapping onto coarser grid, the hybrid  pp. 15-23, Jan. 1996.

preconditioner shows slower convergence than the hierarchicdf! R: Dyczi-Edlinger, G. Peng, and J. F. Lee, "A fast vector-potential
method using tangentially continuous vector finite elementSEE

multilevel one. However, the gain is a much smaller matrixtobe  Trans. Microwave Theory Tegtvol. 46, pp. 863-868, June 1999.
factorized. Thus, the over CPU time is shortened and memonﬁ] R. Beck and R. Hiptmair, “Multilevel solution of the time-harmonic

requirementis less. For examples, for the 1200-mil line, the total %szvgllpspe%%ﬂ%%bizzgon edge elemertd, J. Numer. Meth. Eng.

memory requirement is 60 MB for the hybrid preconditioner and [4] Y.Zzhuand A. C. Cangellaris, “Nested multigrid vector and scalar poten-
112 MB for the hierarchical multilevel one. tial finite element method for fast computation of two-dimensional elec-
. . . tromagnetic scattering]EEE Trans. Antennas Propa ct. 2002, to

The next example considers the bandstop waveguide filter of o pug“shed g PagaD

[8] (see Fig. 3). The numbers of unknowns &t (curl) and [5] ——, “Robust multigrid preconditioner for fast finite element modeling
0 ; _of microwave devices,/EEE Microwave Wireless Compon. Lettol.

H (.Curl_) are 152062 and 26 375. The average coarsest gridres 11, pp. 416418, Oct, 2001,

olution is~ 5.1 pty A at 12.4 GHz. Again, the hybrid precon- [g] v. zhu and A. Cangellaris, “Hierarchical multilevel potential precon-

ditioner uses a two-level and two-grid scheme. Thus the size of ditioner for fast finite element modeling of microwave devicd&§EE

. P . . _ Trans. Microwave Theory Teghvol. 50, pp. 1984-1989, Aug. 2002.
matrix for factorization is 2784. The calculated scattering pa 7] Y.Zhuand A. C. Cangellaris, “Hierarchical finite element basis function

rameters are in excellent agreement with measured results. The™ spaces for tetrahedral elements,”Appl. Comput. Electromagn. Soc.

convergence behavior at various frequencies is shown in Fig. 4, Meeting Monterey, CA, Mar. 2001, pp. 69-74.

On the average. CPU time is about 150 s. while the total memor)JS] T. Sieverding and F. Arndt, “Field theoretic CAD of open or aperture
n . Vi g ’ ! ! u » Wh matched T-junction coupled rectangular waveguide structutegE

requirement is 53 MB. Trans. Microwave Theory Teghvol. 40, pp. 353—-363, Feb. 1992.
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